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Abstract 

Here we study dilations of g-commuting tuples. In [BBD] the authors gave the correspondence 
between the two standard dilations of commuting tuples and here these results have been extended 
to g-commuting tuples. We are able to do this when ^-coefficients 'g^-' are of modulus one. We 
introduce 'maximal g-commuting subspace ' of a 72,-tuple of operators and 'standard q-commuting 
dilation'. Our main result is that the maximal g-commuting subspace of the standard noncom- 
muting dilation of g-commuting tuple is the 'standard q-commuting dilation'. We also introduce 
g-commuting Fock space as the maximal g-commuting subspace of full Fock space and give a 
formula for projection operator onto this space. This formula for projection helps us in working 
with the completely positive maps arising in our study. The first version of the Main Theorem 
(Theorem 19) of the paper for normal tuples using some tricky norm estimates and then use it to 
prove the general version of this theorem. 
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1. Introduction 

A generalization of contraction operator in multivariate operator theory is a contractive n-tuple 
which is defined as follows: 

Definition 1. A n-tuple T— (T 1 ,..., T n ) of bounded operators on a Hilbert space H such that 
TiT-j* + • • • + T n T* < I is a contractive n-tuple, or a row contraction. 

Along the lines of [BBD], we will study the dilation of a class of operator tuples defined as 
follows: 

Definition 2. A n-tuple T = (Ti,...,T n ) is said to be q-commuting if TfTi = q^TiTj for all 
1 < i < j < ^, where g^ are complex numbers. 

Such operator tuples appear often in Quantum Theory ([C] [M] [Pr]). Here we introduce 'max- 
imal g-commuting piece' and using this and a particular representation of permutation group we 
give a definition for g-commuting Fock space when g-coeflicients 'g^' are of modulus one. We have 
this condition for g-coeflicient for almost all the results here. This q-commuting Fock space is 
different from the twisted Fock space of M. Bozejko and R. Speicher ([BS1]) or that of P. E. T. 
Jorgensen ([JSW]). In section 2 we give formula for the projection of full Fock space onto this 
space. We obtain a special tuple of g-commuting operators and show that it is unitarily equiva- 
lent to the tuple of shift operators of [BB]. We are able to show that the range of the operator 
A defined in equation (2.4) gives an isometry onto the g-commuting Fock Space tensored with a 
Hilbert space when T is a pure contractive tuple (this operator were used by Popescu and Arve- 
son in [Po3], [Po4], [Ar2] and for g-commuting case by Bhat and Bhattacharyya in [BB]). Using 
this we are able to give a condition equivalent to the assertion of the Main Theorem to hold for 
g-commuting purely contractive tuple. In section 3 the proof of the particular case of Theorem 19 
where T is also g-spherical unitary (introduced in section 3) is more difficult than the version for 
commuting tuple and we had to carefully choose the terms and proceed in a way that 'g^' of the 
g-commuting tuples get absorbed or cancel out when we simplify the terms. Also unlike [BBD] we 
had to use an inequality related to completely positive map before getting the result through norm 
estimates. We are not able to generalize section 4 of [BBD]. In the last section here we calculate 
the distribution of Si + S* with respect to the vacuum expectation and study some properties of 
the related operator spaces. 

For operator tuples (7\, . . . , T n ), we need to consider the products of the form T ai T a2 ■ ■ ■ T am , 
where each G {1, 2, . . . , n}. We would have the following a notation for such products. Let A 
denote the set {1,2, ... , n} and A m denote the m-fold cartesian product of A for m > 1. Given 
a = (ai, . . . , a rn ) in A m , T a will mean the operator T ai T a2 ■ ■ ■ T am . Let A denote U^l A n , where 
A is just the set {0} by convention and by T° we would mean the identity operator of the Hilbert 
space where Tj's are acting. 

Let S m denote the group of permutation on m symbols {1, 2, • • • , m}. For a g-commuting tuple 
T = (Ti, . . . ,T n ), consider the product T xl T X2 ...T Xm where 1 < Xi < n. If we replace a consecutive 
pair say T x T Xi+1 of operators in the above product by q Xi+lXi T x . +1 T x . and do finite number of 
such operations with different choices of consecutive pairs of these operators appearing in the 
subsequent product of operators after each such operation, we will get a permutation a G S m such 
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that the final product of operators can be written as kT x ^_ 1 ^T x ^ ...T^ for some k G C, 
i. e., T Xl T X2 ...T Xm = kT XrT _ Hi T XrT _ H2) ...T x ^_ 1(m) . For defining g-commuting tuple in definition 2 we 
needed the known fact that this k depends only on a and Xi, and not on the different choice of 
above operations that give rise to the same final product of operators T x _ 1(1) T X _ x ...T x _ 1 } . It 
also follows from the Proposition 5 in section 2. 

Definition 3. Let Tl, C be two Hilbert spaces such that 7i be a closed subspace of C and let T,R 
are n-tuples of bounded operators on H, C respectively. Then R is called a dilation of T if 

R*u = T*u 

for all u G 1 < i < n. In such a case T is called a pzece of R. If T is a g-commuting tuple ( i. 
e., TjTi = qijTiTj, for all then it is called a g-commuting piece of R. A dilation R of T is said 
to be a minimal dilation if span{R a h : a G A, /i G 7Y} = £. And if i? is a tuple of n isometries 
and is a minimal dilation of T, then it is called the minimal isometric dilation or the standard 
noncommuting dilation of T. 

A presentation of the standard noncommuting dilation taken from [Pol] has been used here 
to proof the main Theorem. All Hilbert spaces that we consider will be complex and separable. 
For a subspace 7i of a Hilbert space, Pn will denote the orthogonal projection onto TL Standard 
noncommuting dilation of n-tuple of bounded operators, is unique upto unitary equivalence (refer 
[Pol-4]). Extensive study of standard noncommuting dilation was carried out by Popescu. He 
generalized many one variable results to multivariable case. It is easy to see that if R is a dilation 
of T then 

(1.1) T'il! 3 )* = PnR^iRfYln, 

and for any polynomials p, q in n-noncommuting variables 

p(T)(q(T)y = P H p(R)(<l(R)r\H. 

For a n-tuple R of bounded operators on a Hilbert space Ai, consider 

C q {R) = {M : Ri leaves N invariant , R*R*h = q i:j R*R*h,\/h G J\f,Vi,j}. 

It is a complete lattice, in the sense that arbitrary intersections and span closures of arbitrary 
unions of such spaces are again in this collection. So it has a maximal element and we denote it 
by M q (R) (or by M q when the tuple under consideration is clear). 

Definition 4. Let R be a n-tuple of operators on a Hilbert space M.. The g-commuting piece 
R q = (R q , . . . , RI) obtained by compressing R to the maximal element M q (R) of C q (R) is called 
the maximal q-commuting piece of R. The maximal g-commuting piece is said to be trivial if 
M q (R) is the zero space. 

For any Hilbert space /C, we have the full Fock space over K, denoted by T(/C) as, 

r(/C) = C © K ® /c 02 © • • • © /c 0m © • • • , 

We denote the vacuum vector 1 © © ■ • • by to. For fixed n > 2, let C n be the n- dimensional 
complex Euclidian space with usual inner product and T(C n ) be the full Fock space over C n . 
Let {ei, . . . , e n } be the standard orthonormal basis of C n . For a G A, e a will denote the vector 
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e ai © e Q2 © • • • © e Qm in the full Fock space T(C n ) and e° will denote the vacuum vector uj. Then 
the (left) creation operators Vi on T(C n ) are defined by 

ViX = ti <S> x 

where 1 < i < n and x G T(C n ) ( here e« © u; is interpreted as e^). It is obvious that the tuple 
V_ = (Vi, . . . , V n ) consists of isometries with orthogonal ranges and Yl VN? = I ~ lo, where Iq is 
the projection on to the vacuum space. Let us define q-commuting Fock space as the subspace 
(r(C n )) q {V) and let it be denoted by T q (C n ). 
Let S_= (Si, ... , S n ) be the tuple of operators on T q (C n ) where Si is the compression of Vi to 

r,(c n ): 

Si = Pr q (c n )Vi\r q (c n )- 
Clearly each V* leaves T q (C n ) invariant. 

Then it is easy to see that S_ satisfies ^iS* = I q — 1$ (where I q , 1$ are identity, projection 
onto vacuum space respectively in T q (C n )). So V_ and S_ are contractive tuples, SjSi = qijSiSj for 
all 1 < i,j < n, and S*x = V*x, for x e T 9 (C n ). 

The following result gives a description for maximal g-commuting piece. 

Proposition 5. Let R = (Ri, R n ) be a n-tuple of bounded operators on a Hilbert space Ai, 
JCij = span{R a (qijRiRj — RjRi)h : h G A4, a e A} for all 1 < i, j < n, and JC = span{Lifj =1 K,ij}. 
Then M q (R) = /C x and M q (R) = {h G M : (q^R^R* - R*R*)(R a )*h = 0, VI < i, j < n, a G A}. 

The above Proposition can be easily proved using arguement similar to the proof of Proposition 
4 of [BBD]. 

Corollary 6. Suppose R, T_ are n-tuples of operators on two Hilbert spaces C,Ai. Then the 
maximal q-commuting piece of (R 1 © Ti, . . . , R n © T n ) acting on £ © M. is (R\ © T q , . . . , R^ © T q ) 
acting on C q © M. q and the maximal q-commuting piece of (Ri ©/,...,/?„©/) acting on C © M, 
is (R\® I,. . . ,R q n ® I) acting on C q ®M. 

PROOF: Clear from Proposition 6. □ 

Proposition 7. Let T,R are n-tuples of bounded operators on Ti, C, with Ti. Q C, such that R is 
a dilation ofT. Then W{T) = C q (R)f]H and R q is a dilation of T q . 

Proof: This can be using arguements similar to proof of Proposition 7 of [BBD]. □ 

2. A g- Commuting Fock Space 

For a g-commuting n-tuple T on a finite dimensional Hilbert space Ti say of dimension m, 
because of the relation 

Spectrum(TjTj) U {0} = Spectrum(TjTj) U {0} = Spectrum(g i:; - TiTj) U {0}, 
th 

we get qij is either or m -root of unity. 

Here after whenever we deal with g-commuting tuples we would have another condition on 
the tuples that \qij\ — 1 for 1 < i,j < n. However Proposition 5, Proposition 6 and Corol- 
lary 7 does not need this assumption. Let T — (T±, . . . ,T n ) be a g-commuting tuple and con- 
sider the product T Xl T X2 ...T Xm where 1 < Xi < n. Let a G S m . As transpositions of the type 
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(k, k + 1), 1 < k < m — 1 generates 5 m , Let cr -1 be Ti . . . t s where for each 1 < % < s there 
exist hi such that 1 < k^ < m — 1 and Tj is a transposition of the form (ki,ki + 1). Let 
5"« = T i+ iTi . . . t s for 1 < i < s — 1 and <r s be the identity permutation. Let us define tji = x a .^ and 
Zi = x^ki+i)- If we substitute T Vs T Zs by q Zs y s T Zs T ys corresponding to r s , substitute T ys _ 1 T Zs _ 1 by 
Qz s ^ 1 y 3 ^ 1 T Zs _ 1 Ty s _ 1 corresponding to r s _i, and so on till we substitute the corresponding term for r±, 
we would get qf(x) . . . q°(x)T Xa _ l(i) T Xry _ H2) ■ ■ -T^^ where q?(x) = q zm . That is T Xl T X2 ■ ■ ■ T Xm = 

qUx) . ■■<f a (x)T Xg _ Hi) T Xg _ HV) ■ ■■T Xa _ Hm) . Let <f(x) = gf(x) . . .tf(a;) where gf(x) = 

Proposition 8. Le£T = (Ti, . . . ,T n ) fre a q- commuting tuple and consider the product T Xl T X2 ...T Xm 
where 1 < Xj < n. Suppose a G iS m and g CT (:r) &e as defined above. Then 

<f(?) = n^-i (fc )^-i W ' 

where product is over {(i, k) : 1 < i < k < m,a~ l (i) > <7 _1 (&;)}. Moreover g CT (:r) does no£ depend 
on the choice of a. 

Proof: We have 

<f(x)=<fi(x)...<f 8 (x) 

where qf(x) = q Ziyi - For a pair z, A; such that 1 < i < k < m let k' = o~^ 1 (k) and i! = a~ l {i). Let a = 
T\ • • ■ ,r s and (Ti be as defined above. If i! > k' then there are odd number of transpositions r r for 
1 < r < m such that they interchange the positions of %' and k' in the image of a r when we consider 
the composition r r a r . And for 1 < i < k < m if i' < k! then there are even number of transpositions 
r r for 1 < r < m such that they interchange the positions of i' and k' in the image of a r when 
we consider the composition r r a r . For the first transposition in r r that interchanges i' and k', the 
corresponding factor in q a (x) say q° (x) is q x , lX .,, for the second transposition that interchanges i' 
and k' , the corresponding factor is q XlX . n f° r the third transposition that interchanges %' and A;', 
the corresponding factor is q Xk ,x in an d so on - But (q Xi , Xk ,)~ l = qxyx^ and so 

q a (x) = l[q Xg _ Ht)Xg _ Hk) , 

where product is over {(i, k) : 1 < i < k < m, cr -1 ^) > a~ l {k)}. □ 
Following similar arguements it is easy to see that if there exist a G S m such that (x±, • ■ • , x n ) = 

(av-i(i), • • • ,x a -i (n) ), then q a (x) = 1. 
Let U™> q be defined on (C n )® m by 

(2.1) U?' 9 (e xi (8) ... (8) e x J = ^(^e^^ ® . . . <g> 

on the standard basis vectors and extended linearly on (C™)®"\ As = 1 for 1 < < n, 
£7™ is unitary and U™ extends uniquely to a unitary operator on (C n )®"\ 
Let 

(C 1 )®" ={«£ (CT'" = = mV(tG S m } 

and (C n )® p = C 

LEMMA 9. The map defined from S m to B((£ n ) &n ) defined by a — >• J/™' 9 /or a// a e S m is a 
representation. 



Proof: Let <S>iLie x .,<S>iLie y . E (C")® m ,l < x^yi < n. Suppose there exist a E S m such that 
®?=ie m = ®? =1 e Xa _\ {i) . Then (C/^fe^), ®? =1 e yi ) = q°{x) and ((g,™^, ^J) = 

q^~^(y). Also 

where the products are over {(i, k) : 1 < z < k < m, a(i) > cr{k)}. If we substitute k = and 
i = a~ 1 (k') in the last term we get 

^\y) = IK-w^o = (II^-w^W -1 = WW 1 

where the products are over {{i 1 , k!) : 1 < i' < k' < m, o- _1 (z') > a^ 1 (k')}. So 

The last equality holds as \q tJ \ = 1. This implies ([/^((g)™^), ®? =1 e Vz ) = (<g>™ x e Xi , (<g>£ x e Vi )). 
If there does not exist any a E S rn such that (g^Lie^ = (g>™ 1 e a ; CT _ 1 then 

for all a' E S m . So = U™l\ for a e S m , when acting on the basis elements of the (C n )® m , 

and hence is true for all elements (C" - )®™. 

Next let a E <S m be equal to cricr 2 for some <Ti, cr 2 £ <S m . We would show that U™ ,q = U™' q U™. Let 
e x = e Xl . . . e Xm where Xj E {1, n} for 1 < j < m. Let erf 1 = ri . . . r r and o^ 1 = r r+ i . . . r s 
where for each 1 < i < s, there exist ki such that 1 < ki < m — 1 and Tj is a transposition of the 
form (ki, ki + 1). 

U^U^{e Xl ®...®e Xm ) = U^{q^{x)e x ®...®e x ) = q^{z)q^{x)e x , ®...®e x , 
where e z = e zi <g> . . . <g> e Zm , i.e, Zi = x a -i,^. But as a — T\ . . . T r r r+ i . . . t s it is easy to see that 



q (T (x) = q (T1 (z)q a2 (x) using the definition of q a (x). So we get 

U^U^ q (e xl (g) ... (g) e Xm ) = q°{x)e Xa _ 1(i) <g> . . . <g> e vi(m) = U™' q (e xi <g> . . . ® e Xm ). 

And hence = U™> q U™ 2 q . □ 

Now if we use Y^™- 9 also to denote a operator in r(C n ) which acts as U™' q on (C n )® m and / on 
the orthogonal, we get a representation of S m on B(T(C n )). In the next Lemma and Proposition 
we derive a formula for the projection operator onto the g-commuting Fock space. 

Lemma 10. Let P m be a operator on (C n )® m defined by 

(2.2) P m = — E 

ml 

Then P m is a projection o/(C")® m onto (C™)®". 
Proof: First we see that 

m! ^-^ ml z — ' 
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Consider a permutation a 1 G <S m . 

i i 

p r/-"M _ x TT m ' q — rf" 8 ' 1 ? — P 

- r m u a ' — , 7. u cra' ~ I /_> U ct ~~ r m- 

ml ml 

Similarly U™' q P m = P m . So P^ = P m and hence P m is a projection. □ 
Proposition 11. ©£ =0 (C n ) Qf " = r,(C n ) 

Proof: Let Q = ®^ =0 P m be the projection of r(C n ) onto ©~ =0 (C n ) <3r " where P m is a defined in 
Lemma 9. For transposition (1, 2), let us define ^ as ©$£=0^(1 'f) where P^) — ^ an d ^(12) = ^- 
Let ®f =1 e Xj G (C n ) \ 1 < a* < n. Then 

^1,2)^^(^=1^) = ^(l 2) { e i ® e * ® (®ti^)} = 9y-ei ® e,- ® (®? =1 e x .) = g ij ^^-((8) t t 1 e x .). 

Next we would show that ©^ =0 (C ri ) @r is left invariant by V*. Let ®™ ^ G (C") 0m , 1 < ^ < n. 
Then l / j*{P m (®jL 1 e :rj )} is zero if none of Xj is equal to i. Otherwise V* {P m (®™ =1 e Xj )} is some non- 
zero element belonging to ©m =0 (C")® <m 11 because of the following. Let Xj = i iff j G {ii, ...,i p }, 
and let ^ be the set of all a G S m such that a~ l sends 1 to ifc, 1 < k < p, then each element of 
Ak is a composition rcr' where r is the transposition (1, and a permutation cr' for which (a') -1 
keeps 1 fixed and permutes rest of the m — 1 symbols. As V* are isometries with orthogonal ranges, 

v*{p m {®7=^)} = ^EWia^E^Ew 

* / t'. * / t'. 

= ^X v *i E «r^ ff (®r=i^)} 

fc=i T(r'eA t 

p 

= ^a fc (x)P m _i((g>^L 1 e ;Cl (8) • • • <g> e x . fc <g> • • • <g> e Xm ) 
fc=i 

where Ofe(x) are constants and e Xp denotes the term e Xl <g) • • • <S> e xp -i <8> £x p+1 <8> • • • <8> e Xm . This shows 
that ©£ =0 (C n )@ r " is left invariant by V*. 

Using these and the results of Lemma 9 we have the following. Taking Ri = QViQ for a G A m 
we get 

RiRjR a u = QViVjVu = QU^qjiVjViV^ = q ji QV j V i V a u} = q ll (R j )(R l )R a u. 

So (QViQ, . . . , QV n Q) is a ^-commuting piece of V_. To show maximality we make use of Propo- 
sition 6. Suppose x G T(C n ) and (x,V a (q ij V i V j - VjVijy) = for all a G A, 1 < i, j < n and 
y G r(C ra ). We wish to show that x G T q (C n ). Suppose x m is the m-particle component of x, i.e., 
x = ®m>o x m with x m G (C^ 1 )®" 1 for m > 0. For to > 2 and any permutation a of {1,2, . . . , to} 
we need to show that the unitary P™' 9 : (O 1 ) ™ — > (C 1 ) ™, defined by equation (2.1) leaves x m 
fixed. Since S m is generated by the set of transpositions {(1,2),..., (m — 1, m)} it is enough to 
verify P™ ,l3 (x m ) = x m for permutations o of the form + 1). So fix to and % with m > 2 and 
1 < i < (to — 1). We have 

(2.3) (® P x p , \L a {quV k Vi - VVjVfu) = 0, 
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for every (3 E A,l < k,l < n. This implies that 

(x m , e a <S> {q k ie k ® e t - e x ® e k ) ® e 13 ) = 
for any a G A*" 1 , (3 G A m-i_1 . So if 

x m = ^2 a ( s ' a ' ^) e ° ® e * ® e * ® e/3 

where the sum is over a G A l-1 ,/3 G A" 1 "*' 1 and 1 < s,i < n, and a(s,t,ct,(3) are constants, then 
for fixed a and (3 it follows from equation (2.3) that q kl a(k, I, a, (3) = a(l, k, a, (3) or qika(k, I, a, (3) = 
a(l, k, a, (3). Therefore 

U™> q (a(k, I, a, [3)e a ® e k ® e t ® e 13 + a(l, k, a, (3)e a <g> e { <g> e k ® e p ) 
= qi k a(k, I, a, (3)e a ® ei ® e k ® e 13 + q k ia(l, k, a, (3)e a <g> e k <g> e { <g> e 13 
= a(l, k, a, (3)e a ® e\ ® e k ® e 13 + a(fc, i, a, /3)e a ® e k ® ei ® e 13 

This clearly implies £/m, q a (x m ) = x m , for a = (i, i + 1). □ 
Let V be the vector space of all polynomials in g-commuting variables z±, . . . ,z n that is ZjZi = 
qijZiZj. Any multi-index A; is a ordered n-tuple of non-negative integers (ki, . . . , k n ). We shall write 
ki + . . . + k n as |fc|. The special multi-index which has in all positions except the i th one, where 
it has 1, is denoted by e { . For any non-zero multi-index k the monomial will be denoted 

by z- and for the multi-index k — (0, . . . , 0), let z- be the complex number 1. Let us have the 
following inner product with it. Declare z- and z- orthogonal if k is not the same as I as ordered 
multi-indices. Let 

h, l ... k ! 

II z-\\ 2 = 



\k\\ 

Note that the following inner-product is also refered in [BB] in Definition (1.1) in general case. Now 
define Ti' to be the closure of V with respect to this inner product. Define a tuple S_' = (S[, . . . , S' n ) 
where each is defined for f E V by 

S'if(zi, ■ ■ ■ , z n ) — Zif(zi, ...,z n ) 

and Si is linearly extended to Ti'. In the case of our standard ^-commuting n-tuple S_ of operators 
on r 9 (C n ), when k=(k 1 ,...,k n ) let S k = S* 1 . . . S£* and when k = (0, . . . , 0) let S k = 1. 

Using (2.2) and the fact that V^'s are isometries with orthogonal ranges for k = (k±, . . . , k n ), \k\ = 
m we get 

If we denote V_-uj by e Xl <g> ■ • • ® e Xm , 1 < Xi < n, then to get the last term of the above equation 
we used the fact that there are k\\ • • ■ k n \ permutations a G S m such that e xi <S> • • • <S> e Xm = 
^x a -i {1) ® • • • <E> e x CT _i (m) • Next we show that the above tuples <S' and <S are unitarily equivalent. 

Proposition 12. Let & = (S[, . . . , S' n ) be the operator tuples on Ti! as introduced above and let 
S_ = (Si,...,S n ) be the standard q-commuting tuple of operators on T q (C n ). Then there exist 
unitary U : W — > Ti such that US[ = SiU for 1 < i < n. 



Proof : Define U : V -> F g (C n ) as 

tf(E 6 *^) = E^ 

|fc|<s |fe|<s 



^ll 2 . 



where 6^2- EV, bk are constants. As ||z-|| = ||>S _ u;|| we have 

11 e hz k \\ 2 = E WW = E WiisM 2 = 11 E h ^ K 

\k\<s \k\<s \k\<s \k\<s 

So we can extend it linearly to Ti' and U is a unitary. 

c/^(E^-) = ^E^-) = ^---fe c/ (E^— 1 ) 

|fc|<s |fc|<s |fc|<s 

= Qii ■ ■ ■ iiu E b ^ k+e ~ iuj = s i( E 

|fc|<s |fe|<s 

= ^1/(^6^), 

|fc|<s 

i. e., US'i = SiU for 1 < i < n. □ 
For any complex number z, the ^-commutator of two operators A, B is defined as: 

[A, B] z = AB- zBA. 

The following Lemma holds for S_ as 5' and S_ are unitarily equivalent and the same properties 
have been proved for & in [BB] . 

LEMMA 13. (1) Each monomial S^uo is an eigenvector for ^ S* Si — I, so that it is a diagonal 
operator on the standard basis. In fact, 

Also ^2S*Si — I is compact. 

(2) The commutator [S*, Si] is as follows: 

(\\Qk.+e iLL .\\2 Uok 112 \ 
— — — r - "7 S*w, when ki ^ 0. 

\\S k u\\ 2 ||S-"-MI 2 / 

If ki = 0, then [S*, S t ]S k u = S*S t Sku = ll f^f s k u. 

(3) [S*, Sj] qij is compact for all 1 < i, j < n. 

The map U m ' q : S m -> F(C n ) given by 

U m ' q (a) = U™' q 

gives the representation of S m on F(C n ). It is easy to see that for all q = (qij) n xn, \<lij\ = 1, the 
representations are isomorphic or similar by checking the characters of the representaions. They 
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have same characters. But for the representations of permuation groups it follows that they are 
unitarily equivalent representations. So there exist unitary W q : r(C n ) — > T(C n ) such that 

(2.4) ^P rs ( C n) = P Tq{Cn) W q . 

This W q is not unique as for k G C such that = 1, the operator kW q is also a unitary which 
satisfy equation (2.4). We will give one such W q explicitely. 

For m G N, Vi G A define W q > m over (<C n )® m as 

W q ' m (e yi <g> . . . <g> e y J = q a ~\x)e yi ®...®e Vm . 

where x = (xi, • • • , x m ) is the tuple got by rearranging (yi, • • • , y m ) in nondecreasing order and 
o G S m such that Hi = From Proposition 8 its clear that q a (x) does not depend upon the 

choice of a. And 

W^P Ts{Cn) {e yi ®...®e ym ) = ^(^jE^-id,®-"®^-^,) 

res m 

reSm 

= ^jE 9 r 0Mi), • • • ^<r{m))q c ~\x)e yT _ Hi) (8) ... (8) e yr _ 1(m) 

= f¥,(c»)5 ff_1 (^)e 2/1 ® • • • <8> e ym 
= Pr q{C r>)W m ' q (e yi ®...®e ym ). 

So, V^ m,9 Pr 5 (C") = Pr q (c n )W m ' q and Vl^ 9 = (B™ =0 W m ' q gives the required unitary which satisfy 
equation (2.4)(here W°' q = I). Also note that for T q {C n ) and T q >(C n ) we have unitary W q ' \W q )* 
such that 

w q \w q yp Tq{cn) = Pr q ,(cn)W q '(w q y 

3. Dilation of q- Commuting Tuples and the Main Theorem 

Definition 14. Let T = (T l5 . . . , T n ) be a contractive tuple on a Hilbert space 7i. The operator 
Ay = [I — {TiT* + • • • + T n T*)]a is called the defect operator of T and the subspace At(TI) is 
called the de/eci space of T. The tuple T is said to be pure if E a eA m T_ a (T a )* converges to zero 
in strong operator topology as m tends to infinity. 

When T i T * = J > we have EaeA-» T a {T a )* = I for all m and hence T is not pure. Let T be a 
pure contractive tuple on H. Take H = T(C n ) <8> At(H), and define an operator A : — > by 

(3.1) A/i = ^e a ® A z (T a )*/i, 

where the sum is taken over all a G A (this operator was used by Popescu and Arveson in [Po3], 
[Po4], [Ar2] and for g-commuting case by Bhat and Bhattacharyya in [BB]). A is an isometry and 
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we have T a = A*{V a <g> I) A for all a G A (see [Po4]). Also the tuple V= (K <g> K (g) /) of 

operators on is a realization of the minimal noncommuting dilation of T. 

Let C*Q£), and C*(S[) be unital C*-algebras generated by tuples V_ and S_ (defined in the Intro- 
duction) on Fock spaces T(C n ) and T q (C n ) respectively. For any a, (3 G A, ]/"(/ - £ V^*)^)* 
is the rank one operator x i— > (e f3 ,x)e a , formed by basis vectors e Q ,e^ and so C*(V_) contains all 
compact operators. Similarly we see that C*(S_) also contains all compact operators of T q (C n ). 
As V*Vj = SijI, it is easy to see that C*(V) = span {V^(Vf)* : a, (3 G A}. As ^-commutators 
[S*, Sj] qij are compact for all we can also get C*(S_) = span { i S Q ( i S /3 )* : a, (3 £ A}. 

Consider a contractive tuple T on a Hilbert space Ti. For < r < 1 the tuple rT_ = (r7\, . . . , rT„) 
is clearly a pure contraction. So by equation (2.4) we have an isometry A r : H — > r(C n ) ® A r (H) 
defined by 

^/i = e « ® A r ((rT) a )*/i, h £ Tt, 

a 

where A r = (7 — r 2 ^TiT*)^ . So for every < r < 1 we have a completely positive map ip r : 
C*(iO -> B(H) defined by ip r (X) = A* r (X <g> 7)A r , AT G C*(V). By taking limit as r increases 
to 1 (See [Pol-4] for details), we get a unital completely positive map -0 from C*(V_) to £>(7i) 
(Popescu's Poisson transform) satisfying 

^(V a (V p )*) = T a {T_Py for a,/3 G A. 

As C*(V) = span {]/ a (]/ /3 )* : a,@ E A}, -0 is the unique such completely positive map. Let the 
minimal Stinespring dilation of ip be unital *-homomorphism n : C*(V_) — > B(H) where Trt is a a 
Hilbert space containing 7i, and 

^(X) = P w tt(X)| w VXgC*(Z), 

and span {tt(X)/i : X G C7*(Z)» /i G 7i} = 7Y. Let V_ = (V u V n ) where V t = n(V$ and so V 
is the unique standard noncommuting dilation of T and clearly (Vi) leaves Ti invariant. If T is 
g-commuting, by considering C*(S_) instead of C*(V_), and restricting A r in the range to T q (C n ), 
and taking limits as r increases to 1 as before we would get the unique unital completely positive 
map <p : C*(S) -> B(H), (also see [BB]) satisfying 

(3.2) <l>(S a {S )*) = T a (Tf)* a,(3eA. 

Definition 15. Let T be a ^-commuting tuple. Then we have a unique unital completely positive 
map (ft : C*(S_) — > i3(7i) satisfying equation (3.2). Consider the minimal Stinespring dilation of <fi. 
Here we have a Hilbert space Hi containing Ti, and a unital *-homomorphism 7Ti : C*(S_) — > B(Tii), 
such that 

<KX) = PWA0| w VIGC*(5), 

and span {ttiPQ/i : AT G C*(S), h G ft} = Wi. Let S t = tt^) and S = (S u ...,S n ). Then S is 
called the standard q- commuting dilation of T. 

Standard g-commuting dilation is also unique up to unitary equivalence as minimal Stinespring 
dilation is unique up to unitary equivalence. 



12 



Lemma 16. Suppose T = (Ti,--- ,T n ) is a q- commuting tuple on a Hilbert Space Ti and let 
A be the operator introduced in Equation (3.1). Then there exist a Hilbert space K such that 
(Si <g) Ik., ■ ■ ■ , S n ® Ifc) is a dilation of T_ and dim (K,) = rank (At). 

Proof: A(h) = J2 a ea ® ^T{T a )*h for h E Ti where the sum is over a E A. For a given 
k — (ki, ■ ■ ■ , k n ) such that \k\ = m let us denote e^ 1 <8> • • • <E> e^ n by e Xl <8> • ■ ■ <8> e Xm , 1 < x m < n in 
the following calculation. 

oo 

A(/i) = V V e x , ■■■e x . ®A T (T X . ■■■T x . )*h 

m=0 crg>S m 

oo 

oo 

= EE f(*)^- Hl) ---*.- Hm) ®^F*i---T*J m h 

oo 

= ^(m\)P m e xl ■■•e Xm ® At(T Xi ■■■T Xm )*h 



m=0 



So the range of A is contained in Ti q = T q (C n ) ® At_(H). In other words now Ti can be considered 
as a subspace of Ti q . Moreover, S_ = (Si ® I, . . . ,S n ® I), as a tuple of operators in Ti q is the 
standard g-commuting dilation of (71,. . . T„). More abstractly we can get a Hilbert space JC such 
that can be isometrically embedded in Y q (C n ) ® /C and (Si ® Ik, ■ ■ ■ , S n (g) Ik) is a dilation of 
T and span{(S Q <E> lK)h : h E Ti,a E A} = T q (C n ) ® /C. There is a unique such dilation and up to 
unitary equivalence and dim (/C) = rank (At). □ 

Theorem 17. Let T be a pure contractive tuple on a Hilbert space Ti. 

(1) Then the maximal q-commuting piece of the standard noncommuting dilation V_ ofT is a 
realization of the standard q-commuting dilation ofT q if and only if At(H) = A^(Ti q {T)). 
And if At(H) = AT_(Ti q {T)) then rank (At) = rank (ArO = rank (Ay) = rank (A v i). 

(2) Let the standard noncommuting dilation of T be V_. If rank At and rank At_i are finite 
and equal then is a realization of the standard q-commuting dilation ofT q . 

Proof: The proof is similar to the proofs of that of Theorem 10 and Remark 11 of [BBD]. □ 
If the ranks of both Aj_ and Ajy are infinite then we can not ensure that Ax_(Ti) = Ax(Ti q (T_)) 
and hence can not ensure the converse of the last Theorem, as seen by the following example. For 
any n > 2 consider the Hilbert space Ti = T q (C n ) ® M where M. is of infinite dimension and let 
R = (Si <S> I, ■ • • ,S n <S>I) be a g-commuting pure contractive n-tuple. Infact one can take any R to 
be any g-commuting pure n-tuple on some Hilbert space Tio with AgiTio) of infinite dimensional. 
Suppose Pk = (Pij)nxn for 1 < K n are n x n matrices with complex entries such that 

k _ i tk ifi = k,j = k + l f or ^ < < n anQ i n _ f t n if i — n, j — 1 
^ [ otherwise or _ n an p^ <^ ^ otherwise 
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where £ fc 's are complex numbers satisfying < \t k \ < 1. Let H = H ® C n . Take T = (Ti, • • • , T n ) 
where T k for 1 < k < n be operators on 7i defined by 



Rk 

Pk. 



for 1 < k < n. 



T k ~- 

So T is a pure contractive tuple, the maximal g-commuting piece of T is R and H q (T) = Ho (by 
Corollary 7). Here rank (At*) = rank (At) = oo but Ar(W) = A R (H ) © C n . But the converse 
of Theorem 18 holds when rank of At is finite. 

Consider the case when T is a g-commuting tuple on Hilbert space H satisfying ^ T{T* = I. 
As C*(S) contains the ideal of all compact operators by standard C*-algebra theory we have a 
direct sum decomposition of 7Ti as follows. Take H± = H±c © TLin where Hie = spEa{n 1 (X)h : 
h E H, X E C*(S_) and X is compact} and H\n is the orthogonal complement of it. Clearly 
Ti\c is a reducing subspace for 7Ti. Therefore tti = i\\c © Kin where nic(X) = P^ lc 7r 1 (X)P Wlc , 
ttin(X) = P^ 1Ar 7r 1 (X)P-^ 1Jv . Also 7Tic(X) is just the identity representation with some multiplicity. 
Infact Hie can be written as Hie = r, 3 ( ( C ri )(8>AT(?i) (see Theorem 4.5 of [BB]) and 7Ti7v(AT) = for 
compact X. But At(H) = and commutators [S* , Si] are compact. So if we take Wi = iViN(Si), 
W = (Wi, . . . ,W n ) is a tuple of normal operators. It follows that the standard g-commuting 
dilation of T is a tuple of normal operators. 

Definition 18. A g-commuting n-tuple T — (T±, . . . ,T n ) of operators on a Hilbert space H is 
called a g-spherical unitary if each 3] is normal and TiTj* + h T n T* = I. 

If Ti is a finite dimensional Hilbert space and T is a g-commuting tuple on 7i satisfying T{T* = 
I, then T a spherical unitary because each Tj would be subnormal and all finite dimensional 
subnormal operators are normal (see [Ha]). 

Theorem 19. (Main Theorem) Let T is a q-commuting contractive tuple on a Hilbert space H. 
Then the maximal q-commuting piece of the standard noncommuting dilation ofT_is a realization 
of the standard q-commuting dilation ofT. 

Proof of the theorem 19: Let S_ denote the standard g-commuting dilation of T on a Hilbert 
space Tii an d we follow the notations as in section 2. As S_ is also a contractive tuple, we have a 
unique unital completely positive map rj : C*(V_) — > C*(S_), satisfying 

viY^iY! 3 )*) = SpiS?)* a, (3 e A. 



It is easy to see that ip = (pot]. Let unital *-homomorphism n 2 : C*(V) — > B(7i2) for some Hilbert 
space Ti 2 containing Tli, be the minimal Stinespring dilation of the map 7Ti o r] : C*(V_) — > B(Tti) 
such that wniX) = P Hl n 2 {X)\ Hl , VX e and span {7r 2 (X)/i : X G C*(Z),/i e = W 2 . 

We get the following commuting diagram. 
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B(H 2 ) 

/ Bin,) 

C*(V) — > C*(S) — ► B(H) 
V <P 

where all the down arrows are compression maps, horizontal arrows are unital completely positive 
maps and diagonal arrows are unital *-homomorphisms. Let V_ = (V\, . . . , V n ) where Vi = ^(V^). 
We would show that V_ is the standard noncommuting dilation of T. We have this result if we 
can show that 7r 2 is a minimal dilation of ip = o rj as minimal Stinespring dilation is unique 
up to unitary equivalence. For this first we show that S_ = (7Ti(5i), . . . ,ni(S n )) is the maximal 
g-commuting piece of V_. 

First we consider a particular case when T is a g-spherical unitary on a Hilbert space TC. In this 
case we would show that standard commuting dilation and the maximal g-commuting piece of the 
standard noncommuting dilation of T is itself. 

We have 0(S a (I - £<%S?)(^)*) = T a {I - £ T t T*){T p )* = for any a, (3 E A. This forces 
that <f>(X) = for any compact operator X in C*(S_). Now as the ^-commutators [S 1 *, Sj] qij are 
all compact we see that is a unital *-homomorphism. So the minimal Stinespring dilation of (p 
is itself and standard commuting dilation of T is itself. Next we would show that the maximal 
g-commuting piece of the standard noncommuting dilation of T is itself. The presentation of the 
standard noncommuting dilation which we would use is taken from [Pol]. The dilation space 7i 
can be decomposed as H = Ti © (T(C n ) ® V) where V is the closure of the range of operator 




n copies n copies 



and D is the positive square root of 

D = [SijI Tj Tj] n xn- 

For convenience, at some places we would identify H ® ■ — ® H with C n ®H so that (hi, ... , h n ) = 

n copies 

XT=i Then 

n n n 

(3.3) D(h ± , ...,h n ) = D(J2 ei ®hi) = J2 e i® ( h i - Yl T i T o h j) 

i=l i=l j=l 

and the standard noncommuting dilation Vi 

(3.4) Vi{h © Y e a ® d a ) = Tih © Dfe © h) © e { © ( e a © d a ) 

aeA aeA 

for h G H, d a E V for a E A, and 1 < % < n (C n uj © V has been identified with V). 
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We have 

TiT* = T*Ti and TjTi = q^TiT-il <i,j < n. 
Also by Fuglede-Putnam Theorem ([Ha] [Pu]) 

T/T, = q tJ T t T* = qji TiT* and T*T* = q tl T*T*\/l <i,j< n. 

As ^TjT/ = I, by direct computation D 2 is seen to be a projection. So, D = D 2 . Note that 
= 1, i- e., ?y = qji. Then we get 

n n 

(3.5) D{h u ...,h n ) = 7}(7;/;, -77 ;; 7;7/ ; ) , ,• Y}(/,„) 

ij=l i,j=l 

where ^ = — q^T*hj = T*hi — q; L jT*hj for 1 < i, j < n. Note that /i^ = and /ijj = —q^hy. 

As clearly ft C W(V), lets begin with y G 7i ± fl We wish to show that y = 0. Decom- 

pose y as y = 0©^ ae ^ e a ®i/ a , with t/ a G "P. We assume y 7^ and arrive at a contradiction. If for 
some a, y a ^ 0, then (uj®y a , (Y_ a )*y) = (e a (g)y a ,y) = (y a ,y a ) ^ 0. Since (V_ a )*y G H 9 (V), we can 
assume ||y || = 1 without loss of generality. Taking y m = J2 a eA™ e " ® we get ?/ = © © m >o2An- 
79 being a projection its range is closed and as yo G V, there exist some (/ii, . . . , h n ) such that 
yo = D(hi, . . . , h n ). Let x = y = yo, £\ = Y%,j=i e * ® D ( e j ® %)> and for m > 1; 

ra m— 1 

= ^ e ix © • • • © e im _ 1 © e f © D( ej © ( JJ ftri< ) ( JJ q iki q ikj )Tl . . . T* m _ x h^). 

il,...,i m -l,i,j=l l<r<s<m— 1 fc=l 

So x m G (C™)® m ©D for all m G N. As T is g-commutating n-tuple and 79 is a projection, we have 
(Qifflj-VjVjqjihij = Yl (QijTiTj-T^qj^j 

l<i<j<n l<i<j<n 

+ ^2 D ( e i® T 3 h ij ~ <lj'< J ® 

l<i<j<n 

+ ^2 ( ei ® ^( e .? ® ~ ^ ie ? ® -°( e * ® ^')) 

l<i<j'<n 



+ D(^2 e i ® + ^ ® ® ^J') 

jj=l ij=l 
n 

D 2 (hi, . . . ,h n ) + ^2 e i ® -D( e i ® ^ij) 
5o + 5i- 
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So by Proposition 6, (y, x + x~i) = . Next let m > 2. 

n n m—2 

E v h . ..v tm _A^M - y M n ftr*.)(II ftwOCT • ■■T* m _ 2 h im _ lj )} 

U,...,i m _l=l i,J=l l<r<s<m— 1 fc=l 

re n m—2 

e e il ®...®e im _ 1 ®[E^(( n ^j(n^)(^® T ^t---^_ 2 ^ 

ii,...,i m _i=l »,J=1 l<r<s<m— 1 fc=l 

n m—2 

- e , ® toTK ■ ■ • + E ( II II <i>-M<i>r> ® ^ ® 

i,j=l l<r<s<m— 1 fe=l 

777- .. . T^h^j) - e,- ® D( ei ® 777- . . . Tt-^-ii)}] 

?i n m—2 

= - e e n®---®e lm _ 1 ®{(E( n ^(n*")^®^---^^-^)} 

«i,...,j m _i=l j=l l<r<s<m— 1 fc=l 

ra ra m—2 

+ E eii ® • • • ® e^-i ® { E ei D ( e i ® ®i( II 9vO(II ®w) 

ii,...,i m _i=l ij=l l<r<s<m— 1 fc=l 

ra m—2 

(7^ • ■■T* m _ 2 h im _ lj )) - E * ® £>(e,- ® ( J] «r*.)(II 9w)CTO • ■ - ^t-^-i*))} 

ij=l l<r<s<m— 1 fc=l 

(in the term above, z and j have been interchanged in the last summation) 

?i ?i m—2 

= - e e *i ® • • • ® e ^-i ® {E( n ^(n®^)^®^---^^)} 

il,...,i m _l=l j'=l l<r<s<m— 2 fc=l 

n n 

+ E e *i ® • • • ® e *™-i ® { E ei ® ^( e ^ 

ii,...,i m _i=l »J=1 
m-2 

l<r<s<m— 1 k=l 
m-2 

-( II ft^W^ • ■■Tl-Xhim-, - Qi^iT*^ . ..T* m _ 2 T* m -M)} 

l<r<s<m-2 k=l 

(in the term above, index i m -\ has been replaced by i in the first summation) 

n m—2 

= - E eii <g> • • • ® e im _ 2 <g> ei <g> ( JJ 5iri J( JJ q iki q ikj )D(ej <g> 7? . . . T* m _ 2 hij) 

ii,...,i m _2,ij=l l<r<s<m— 2 fc=l 

?i m— 1 

+ E ^ <g> • • • <g> <g> <g> ( JJ g iri J(JI 9 ik jfc)fl(e 3 <g> 7? . . . 7^%) 

ii,...,i m _i,i,,j'=l l<r<s<m— 1 fc=l 

Xjn—1 X m . 
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Hence by proposition 6, (y, x m _i — x m ) = 0. Further we compute ||x m || for all m G N. 



\x 



re m—1 
1 2 " ' 



in 



U,...,i m _l,iJ=l l<r<s<rat— 1 fc=l 

n 

E (8) • • • <g> e Vm _ x <g> e v <g> D(e f <g> ( ] J g^,) 

i' 1 ,...,i^_ 1 ,i'j'=l l<r'<s'<rre-l 
m—1 

(II ^,i'ft^')^i---^_l^')> 
fe'=l 

re n m—1 

E <I>te®( II «rO(II****«w 1 ---it- 1 'H,-), 

il,...,j m _l,i=l j=l l<r<s<m— 1 fc=l 

n m—1 

j'=l l<r'<s'<m-l k'=l 

ra ra m—1 

E (^(E e ^( II «rO(II***««w 1 ---Tt- 1 'H,-), 

il,...,j m _l,i=l j'=l l<r<s<m— 1 fc=l 

n m—1 

E e ^' ® ( II ^vv)(II <li h ,iqi h ,i>)K . ..T* m _ x h iy ) 

j'=l l<r'<s'<m-l k'=l 

n m— 1 re 

e (( n ^(nft^HE^®^^--- 7 ^-!^- 

il,..,j m _l,i=l l<r<s<ret— 1 fc=l j,i=l 

re m—1 

got . E( II swXlI ® ir. • 

j'=l l<2'<s'<m-l fe'=l 
ra m—1 ra 

e (( n ^j(n^^E T <( T ^ 

ii,...,i m _l,jj'=l l<r<s<m— 1 fc=l i=l 

rat— 1 

( n ?w)( n sviSvi) 2 ^ • • • ^i- a-> 

l<r'<s'<m-l fe'=l 
re re 

= E^.vM- E (T im _ 1 ...T il T*T l T* i ...T* m _ i h il ),h ij ) 

i,j=l h,...,i m -i,i,j,l=l 

Let r : -> be defined by r(X) = YT i= x T i XT t for all X G and let f m : 

M n (B(H)) -> M n (B(H)) be defined by f m (X) = (T m (^)) nxn for all X = (^) BXn G M n (B(H)). 
As t is a completely positive map, r m is also a completely positive map. 

So we have f m (D) < I and 
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\x II 2 



r=l 
n 

— ^^((^rl ' ' ' ^rn), (^ rl • • ' hrn)) 
r=l 

n n 

= ^(hri, hn) = ( T * h r ~ ViXK T i h r ~ q tr T r * h t ) 

r,i i,r=l 
n 

= ^2{( T i T i h r - T*Tihi, h r ) - (T*T r h r - T*T r hi, hi)} 

i,r=l 

n n n n 

= ^2(h r -^2T*Tihi, hr) - ^2C^T*T r h r - h h hi) 

r=l i=l i=l r=l 

n n 

= 2 J2( hr ~ Yl T * T * h *> h r) = 2 ( D ( h u ■ ■ ■ , K), (h, . . . , K)) = 2||£ f = 2. 



r=l i=l 



As (y, xq + xi) = and (y, x m _i — x m ) = for m + 1 G N, we get (y, x + x m ) = for m G N. 
So 1 = (yo,y ) = (yo,x ) = -(y m ,x m ). By Cauchy-Schwarz inequality, 1 < ||?/m|| ||x m || , which 
implies ^= < ||y m || for m G N. This is a contradiction as y = © ® m >oy m is in the Hilbert space 

H. This proves the particular case. 

Using arguements similar to that of Theorem 13 of [BBD], the proof of the general case (that is 
when Tj is not necessarily normal) and the proof of U V_ is the standard noncommuting dilation of 
T", both follows . - -~ ^ 

4. Distribution of Si + S* and Related Operator Spaces 

Let 1Z be the von Neumann algebra generated by Gi = Si + S* for all 1 < % < n. We are 
interested in calculating the moments of 5, + S* with respect to the vaccum state and inferring 
about the distribution. The vacuum expectation is given by e(T) = (u, TuS) where T E 71. So, 



e((Si + S*T) = (co, (Si + S*Tto) = { c _ 



if n is odd 
otherwise 



where C n the Catalan number (refer [Com]). This shows that Si + S* has semicircular distribution. 
Further this vaccum expectation is not tracial on 1Z for n > 2 as 

e(G 2 G 2 G 1 G 1 ) = (u,(S 2 + S* 2 )(S 2 + S*)(S 1 + S* 1 )(S 1 + S* 1 )uj) 

= (u, S2S2S1S1 + S2*S 2 SISiuj) = 1 
e(G 2 G 1 G 1 G 2 ) = (u,(S 2 + S* 2 )(S 1 + S* l )(S 1 + S* l )(S 2 + S* 2 )u) 

= (u, S 2 ¥ SIS 1 S 2 + S^SiS^S^) = - 
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We would now investigate using arguements of theory of operator spaces introduced by Effros 
and Ruan [ER]. Here we follow the ideas of [BS2] and [HP]. Operator spaces which are Hilbert 
spaces are called Hilbertian operator spaces. For some Hilbert space H and a, L G B(Ti), 1 < i < n 
define 

n n 

II • • • ,a n )\\max = max(|| ^^a* ||3, || J^a-a;^). 
Let us denote the operator space 



i=l 



( n 







V 



r n 











|ri, • • • ,r n G C 



V o ••• o / 

by Let {e^- : 1 < i, j < n} denote the standard basis of M n and Si = en © en. Then one has 



a » ® ^n_B(w)®M n - ii( a i> ■ " > ° 



n/ II max ■ 



i=l 



Theorem 20. The operator space generated by Gi, 1 < i < n is completely isomorphic to E n . 
PROOF: Its enough to show that for a» G B(H), 1 < i < n we have 



{a,i, • • • , a 



nj || max 



< 



aj <g> G 



illw®r 9 (c™) 



< 2||(ai, • • • ,a 



ny || max 
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Similarly 



So 



«<g>r 9 (C") 



5>i®i)(i®s?) 



Iw<g>r,(c) 



j=i 



s HE 

i=i 



* 9 I 

^11*1 



llr,(c«) — II a ' i<Xi II r, 



i=i 



i=i 



^ aj ® 5", 



»llw®r,(C") 



5^(1® Si)(oi® l)||^r g (c«) 
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< llXX* a *llr 9 
i=i 



at © Gi 



\-H®r q {c n ) 



< 2||(ai, • • • ,a 
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Let S denote the set of all states on B(H). Now using the fact that e(GiGj) = (u,S*SjUj) = Sij 
we get 




^2 a i® ^ll^®r 9 (C") > II a * a ** 
i=i ' i=i 



□ 
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